A regular black hole solution of General Relativity coupled to a new model for nonlinear electrodynamics is presented. This model has the interesting feature that, at far distances from the black hole, the theory reduces to Maxwell electrodynamics with Heisenberg-Euler correction term. The singular center of the black hole is replaced by flat, de Sitter, or anti de Sitter space, if the spacetime in which the black hole is embedded is asymptotically flat, de Sitter, or anti de Sitter, respectively. We show that weak, as well as dominant and strong energy conditions are partially satisfied. They are violated in the region near the center of the black hole, which would be dressed up by an event horizon. Requiring the correspondence to Heisenberg-Euler Lagrangian at far distances, we find that in our model: (i) electron cannot be regarded as a regular black hole. (ii) A minimum mass is required for the formation of an event horizon. Stellar-mass charged black objects fail to provide this minimum. And, (iii) the mass of the black hole must be quantized.
INTRODUCTION
First examples of black holes in General Relativity (GR) suffer from singularity at their centers. The singularity theorems of Penrose and Hawking [1, 2] prove that, taken the universal applicability of GR and under certain energy conditions, singularity is inevitable at the center of black holes, as well as at the big bang [3] . The widespread belief is that the singularity shows a disease of the theory and should be resolved [4] (see, however, [5] for a different point of view).
Attempts to cure this "crisis" [4] lead to modification of Einstein equations [6] . On the other hand, one may relax the energy conditions, which are the crucial assumptions of singularity theorems, to smooth out the singularity. This way, one couples a special field to GR to avoid singularity [7] . Ayón-Beato and García took a first step in this direction by coupling GR to nonlinear electrodynamics (NED) [8] [9] [10] . They found exact charged black hole solutions which are regular at the center. The magnetic counterpart of these solutions also appeared in [11] .
The study of NED, initiated by Born and Infeld [12] , was motivated to remove the divergences of self-energy of charged pointlike particles. NED can also resolve the singularity of the electric field at the center of such particles [13] . Besides, it has been shown in quantum electrodynamics that, one-loop corrections due to the presence of virtual charged particles will result in nonlinear corrections [14] . In their paper [14] , Heisenberg and Euler showed that this nonlinear phenomenon would be described with the Lagrangian
where γ is a constant, and F = 1 4 F µν F µν , with F µν denoting the electromagnetic field strength tensor (see also [15] ).
Following the seminal papers of [12, 14] , several alternative models of NED have been presented in literature [16] [17] [18] . Also, in recent decades, some models of NED have been applied with the Einstein equations to find charged black hole solutions [19, 20] . There is, however, a no-go theorem that forbids, in NED, electrically charged, static, spherically symmetric, generalrelativistic black hole solutions with a regular center [21, 22] . The assumption of the theorem is that NED reduces to Maxwell theory in the weak field limit. To overcome the limitations of this no-go theorem, one can use the so-called P framework of NED proposed by Ayón-Beato and García [8] (see also [22] ). By means of a Legendre transformation, they obtained from the Lagrangian L = L(F), the structure function [23] :
where L F = dL dF . Defining the tensor P µν ≡ L F F µν , one finds that H is a function of
Using this framework, one circumvents the no-go theorem mentioned above, since here there are different Lagrangians in different parts of space and the Lagrangian applicable at the center of the black hole is non-Maxwellian in the weak field regime.
In this paper, we propose a new model of NED. We couple this model to Einstein equations and find the black hole solutions. Our model has some advantages over those proposed earlier in literature [8] [9] [10] ; Weak, dominant, and strong energy conditions are all violated near the center of the solution, but at far distances, all of them are satisfied. Also, if the solution has event horizon, it will dress up the region in which the energy conditions are violated. Another interesting feature of our model is that, at large distances from the black hole, the model reduces to Maxwell model in the first order together with a term proportional to Heisenberg-Euler correction in the second order.
We will work in units where G = c = k e = 1.
BLACK HOLE SOLUTIONS
The four-dimensional action of general relativity coupled to NED, in the presence of a cosmological constant Λ, is [24] (see Eq. (4))
in which g is the determinant of the metric tensor and R is the Ricci scalar. Varying this action, one finds the Einstein and electrodynamic field equations
where G ν µ is the Einstein tensor and T ν µ is the NED stressenergy tensor. To solve these equations, we take the static, spherically symmetric metric ds 2 = g tt (r)dt 2 + g rr (r)dr 2 + r 2 dθ 2 + r 2 sin 2 θdφ 2 , (8) and assume the following ansatz for the anti-symmetric tensor
Now, one can show, by using Eq. (6), that T t t = T r r , and
Integrating Eq. (7), by using the ansatz (9), we find
Here, we propose the structure function
with κ the free parameter of our model. The motivations for using this H-function include: 1) simplicity, 2) reduction to the Maxwell theory at large distances, and 3) avoidance of spacetime singularity. Since P is a negative quantity we see that κ should be positive for the structure function (11) not to have a divergent point.
The equation for the electric field is
with the asymptotic behavior
Thus, we regard Q as the electric charge. It is obvious from Eq. (12) that the electric field approaches zero as r → 0. It has also another zero at r = 4 κQ 2 2 , and two extrema at
We have plotted electric field (12) in Fig. 1 .
Electric field : For κ = 1 and Q = 1. We see that the electric field is well behaved at the center as well as elsewhere.
Substituting the metric function f (r) = 1 − 2M(r) r into the field equations (6), we find from the t t component (other components give no new information):
Integrating this equation we find
with
in which c is the constant of integration. The total mass M of the black hole is found via M = B(r → ∞). Also, we require the metric function f (r) to be non-singular at r = 0. This would be satisfied if
Using Eqs. (16) and (18), we find asymptotic and near center approximations of the metric function, respectively, as
We see from Eq. (19) that our solution asymptotically behaves like Reissner-Nordström (anti) de Sitter black hole. On the other hand, as is obvious from (20), the singular center is replaced by a flat, de Sitter, or anti de Sitter core for zero, positive, or negative Λ, respectively. To see if the singularity at the center is really resolved, we have calculated the curvature invariants R, R αβ R αβ , and R αβγδ R αβγδ . Their explicit expressions are too lengthy but their near center behaviors are as follow.
Therefore, the curvature invariants do not diverge at the center. Neither they diverge in any region of spacetime. For the sake of comparison, we recall that for Reissner-Nordström (anti) de Sitter black hole, as r → 0 we have R → 4Λ, R αβ R αβ → 4Q 4 r 8 , and R αβγδ R αβγδ → 56Q 4 r 8 , which show a singularity at the center.
In Fig. 2 , we have plotted the metric function in asymptotically flat, de Sitter, and anti de Sitter spacetimes. Depending on the values of M , Q, and Λ, the metric function may have none, one, two, or three zeros. By noting that the curvature invariants are non-singular throughout spacetime, f (r) = 0 (or, equivalently, the divergence of g rr ) denotes a coordinate singularity and is associated with a horizon. In the case of asymptotically flat spacetime, one may have a (extremal) black hole with an event horizon, or a black hole with both Cauchy and event horizons. Using numerical methods we find that, here, the event horizon exist if Q ≤ 1.00658 M . Event and Cauchy horizons may also form in asymptotically de Sitter and anti de Sitter spacetimes. In de Sitter solutions (with a positive Λ) there is a cosmological horizon, as well. This one is present whether or not one has an event (and Cauchy) horizon. 
ENERGY CONDITIONS
Here, we check if energy conditions are satisfied in our black hole spacetime. By using Eqs. (6) and (11), one can easily find the energy density ρ, radial pressure p r , and tangential pressure p θ and p φ as
For the metric to be non-singular at the center, κ would be given by Eq. (18) , which is positive. This guarantees the non-singularity of our structure function (11) , along with the energy density and the components of pressure, as given in Eq. (24) , in all regions of spacetime.
Weak Energy Condition (WEC) is satisfied if [25, 26] 
with k = r, θ, φ. Dominant Energy Condition (DEC) requires [25, 26] 
Using Eq. (24), one can show that WEC and DEC are both satisfied for P ≥ − 1 κ , or equivalently for r ≥ 4 κQ 2 2 . Strong Energy Condition (SEC) requires [25, 26] 
It is easy to show that this condition holds if P ≥ − 1 3κ , or, equivalently, r ≥ 4 3κQ 2 2 . We have solved f (r) = 0 perturbatively to find an approximate relation for the radius of event horizon r + . The relation is too involved to write here, but, we have been able to show that r + ≥ 4 3κQ 2 2 . So, if the event horizon exists, it would dress up the region of WEC/DEC/SEC violation. Outside the event horizon, all of these energy conditions are satisfied. For comparison with Reissner-Nordström black hole we note that in that case H = P. So, by using Eq. (24), one can show that WEC, DEC, and SEC are satisfied everywhere in the spacetime.
FURTHER CONSIDERATIONS OF OUR MODEL
Taking the Heisenberg-Euler Lagrangian (1) at far distances from the black hole, and using Eq. (2), one can find the structure function associated with the Heisenberg-Euler Lagrangian in terms of F. In the weak field limit (F → 0) it is
Also, from Eq. (3) we have, to second order in F:
This equation can be solved for F. Noticing that in the Maxwell limit L(F) = F = P = H(P), one finds
Substituting this equation into Eq. (28), we find for small P H(P) ≈ P + γP 2 + · · · .
So we find that, for the structure function to be compatible with Heisenberg-Euler Lagrangian (1), it must have an expansion of the form (31). The structure functions which have been presented in [8] [9] [10] 24] satisfy the plausible condition of correspondence to Maxwell theory H(P → 0) ≈ P, but the second term in their expansion is either proportional to (−P) 5/4 [8, 10, 24] , or (−P) 3/2 [9] .
Since P approaches zero at large distances from the black hole, the asymptotic expansion of our structure function (11) is H(P) ≈ P + 2κP 2 .
(32)
We demand that, at far distances from the black hole, our model should have the same weak field limit expansion as that of Heisenberg-Euler Lagrangian. Then, comparing Eqs. (32) and (31), we find 2κ = γ. The coupling constant γ has been found in the weak field approximation of quantum electrodynamics to be [14, 20] 
in which α denotes the fine structure constant and e and m e are, respectively, the charge and the mass of electron.
(This electron is invoked in the theory as a member of virtual electron-positron pair produced by photon propagators.) It then follows that, for the black hole to be regular at the center, by using Eq. (18), the charge Q and the mass M of the black hole and those of electron are related by
We recall that in the P framework, there are different Lagrangians in different parts of the spacetime. Approaching the center of the black hole, P goes to −∞. In this region the structure function (11) can be expressed, approximately, by H(P → −∞) ≈ κ −2 P −1 . Now, by using Eq. (4), and the relation F = H 2 P P ≈ κ −4 P −3 , one finds that, near the center of the black hole, the electrodynamic Lagrangian is
which is, of course, totally non-Maxwellian. So, the assumption of the no-go theorem which forbids the existence of regular black hole in NED with Maxwellian weak field limit, is not satisfied, allowing the non-singular behavior at all r.
CONCLUDING REMARKS
We have presented the regular solutions of GR coupled to a new model of NED. This model violates WEC, DEC, and SEC, only near the center of the solution. And, if the solution has an event horizon, it will shield the region in which the energy conditions are violated. Our model of NED corresponds to Heisenberg-Euler Lagrangian at far distances from the black hole. It is just needed that the mass and the charge of the black hole obey Eq. (34). Some comments on this equation are in order.
First, since the coefficients on the right and the left hand side of Eq. (34) are different, we conclude that electrons cannot be regarded as regular black holes in our model. Second, plugging in the values of the charge and the mass of electron and using the metric function, we find that the event horizon could only exist for M > ∼ 2.26269×10 7 m and Λ M −2 . Note that the mass of an intermediate-mass black hole is in the range 10 5 − 10 8 m.
The third point one reads from Eq. (34) is that, because electric charge is a quantized quantity, so must be the mass (M ).
